In this article, we apply a result in equivalent errors to a contouring control problem of five degree of freedom robot manipulators. The proposed technique, fuzzy Proportional Integral Derivative (PID) with the robust extended Kalman filter, is employed to stabilize the dynamic of equivalent errors of robot manipulators. The shape of membership functions and rules of fuzzy PID controller are tuned following operating conditions that make the control performance to improve significantly. A desired path in terms of the position of the end-effector of the robot manipulators is described in generalized coordinates defined by the dynamic of equivalent. The simulation and experimental results demonstrate the excellent performance of the proposed technique.
Introduction
Nowadays, robot manipulators have increasingly played a role in manufacturing systems. They are employed to work in many situations for the required tasks. In particular, one of the important tasks in manufacturing systems requires robot manipulators to make its end-effector follow the specific path, such as applications in painting robot, welding robot, and machine tool systems. [1] [2] [3] [4] [5] Actually, most of these tasks are so complicated that contouring control is subjected to the problem. For high-quality tasks, accuracy is the critical problem of contouring control for robot manipulators, especially under the operation in various environments. With respect to this aim, many researchers have developed various control techniques for the improvement in accuracy. Conventional techniques, for instance, PID control, 6 robust control and adaptive control, 7 and intelligent control, 8 have treated it as a tracking error problem, which concerns with the error between an actual position and a desired position. However, it does not imply that reducing tracking error means reducing contour error. 9 To emphasize directly the problem of contouring control, the cross-coupling control, which relies on the model of contour error, has been proposed. 10, 11 It is successful to a linear dynamic system with a simple geometry path. Unfortunately, it is not suitable to apply this technique to a nonlinear system with a complicated path. To circumvent this difficulty, there are many works on using geometric property of paths to model the desired contours, such as linear and circular approximations. 12, 13 Meanwhile, the simplified methods are also proposed, such as a polar or task coordinate approach. 14, 15 However, these techniques will be particularly effective to a linear motion system with less than three axes (less than three degrees of freedom (DOF)). So, they will not be appropriated for contouring control problem of robot manipulators with DOF of more than three, which is usually high nonlinear dynamic systems. To overcome this limitation, the equivalent errors technique proposed by Chen and Wu 16 , for more details, is used to transform the desired path from task space to joint space in terms of the dynamic of equivalent error, which is considered as analytical coordinated transformation. Then, the equivalent error is employed in contouring controller design. So, this article is to mainly propose a designing of controller for a contouring control based on equivalent errors. In this article, a result of equivalent errors in terms of dynamic of equivalent errors is provided to be the control objective of the contouring control problem for 5-DOF robot manipulators. As a result, the control objective is considered the problem of stabilization. Consequently, the existing control techniques can be employed to design a controller for the control problem.
For this study, the proposed controller based on the fuzzy PID control [17] [18] [19] tuned by robust extended Kalman filter (REKF) [20] [21] [22] is considered that it can overcome the drawbacks of conventional fuzzy PID. Because of the adaptation of control parameters in control law, it can automatically redesign the controller when tasks or/and environments are changed. Moreover, REKF is employed to determine the parameters of membership functions (MFs) through a stochastic model. Consequently, not only the wide range of operation of robot manipulators will achieve but also noise or unknown uncertainty will not affect, especially at high speed.
The article is organized as follows. ''Equivalent errors methodology'' section describes the equivalent errors methodology. ''Contouring control for robot manipulators-based equivalent errors'' section presents the concepts of a contouring controller for 5-DOF robot manipulators by the method of equivalent errors. The adaptive and robust controller design is described in ''Adaptive and robust controller design'' section. ''Simulated validations and experimental results'' section shows the simulation and experiment to validate the performance of the proposed methods for contouring control of robot manipulators. Finally, the conclusion is remarked in the last section.
Equivalent errors methodology
The problem of contouring control of the n-axis motion systems is to minimize the contour error. Suppose that the contour error is the distance between an actual displacement qðtÞ and a desired path S (S & R n where n is the positive integer), defined by
And, let q d ðtÞ 2 S be the demand of the displacement that it forms the desired path. In configuration space of n-DOF robot manipulators, let q relies on the path, q d ðtÞ 2 S, to be displacement of actual output.
Actually, this concept has motivated a number of works to propose the techniques for the objective of control problem. Unfortunately, the drawbacks in most of those techniques are complicated, especially its application for multiaxis systems. To overcome those approaches, the equivalent errors are proposed, as graphically depicted in Figure 1 , as in the study by Chen and Wu 16 for more details. Suppose that S is the desired path in a form of n À 1 algebraic equation, given as
where p :! R nÀ1 . The equivalent contouring errors " are defined as
As indicated in the study by Chen, 16 " c is a quadratic form of " : " c ¼ " T Q"; Q denotes ðn À 1Þ Â ðn À 1Þ symmetric positive definite matrix that it should be noted that reducing " is equivalent to reducing " c , where jj : jj is the Euclidean two-norm.
In addition to equivalent contour error, one can also obtain the tangential error, as graphically depicted in Figure 1 , defined by
Consequently, the general form of equivalent errors is composed of the ðn À 1Þ equivalent contouring error (3) and the tracking error (4), given as "ðtÞ
Compared with equation (1), it is seen that " in equation (3) is not complicated to subject to the problem of contour error. Moreover, it is noted that the desired algebraic path is more accurate than the approximation with geometrical techniques.
As presented in equation (5), the equivalent errors will be taken as the new coordinate to express the system dynamics that are constituted by path equations of command. The original generalized coordinate of the system will be transformed into equivalent errors, which are the new control objective. 
Contouring control for robot manipulators-based equivalent errors
The schematic diagram of manipulator robot arm based on equivalent errors is depicted in Figure 2 . Let a dynamic equation of robot manipulators be represented as
where MðqÞ is the n Â n nonsingular inertia matrix and q 2 R n represents the generalized coordinates of the system, joint space. V ðq; _ qÞ is composed of the damping forces, Coriolis, stiffness, centrifugal effects, and gravity, and v 2 R n is the set of vectors of the input torques generated by n ¼ 5 actuators.
Here, the main task of robot manipulators is to make the end-effector follow the desired path. For this reason, a result in equivalent errors is accounted for the objective of contouring control problem.
Let a desired path in Cartesian space be represented by algebraic equations as p w ððtÞÞ ¼ 0 ( 7 ) where p w : R n ! R nÀ1 and ðtÞ 2 R n represent the command of displacement of the end-effector of robot manipulators in the Cartesian coordinates. Forward kinematics, which is related to the position and/or orientations of the end-effector of robot manipulators, is determined in a generalized coordinate as follows
where T : R n ! R n is the transformation matrices. The desired path in the generalized coordinates can be determined as
where q d ðtÞ ¼ T À1 ð d ðtÞÞ 2 R n is the command of displacement of the end-effector in the generalized coordinates obtained from the inverse kinematics. It should be noted that the algebraic equation in equation (9) is employed to define the equivalent contouring errors in equation (3) and q d ðtÞ for tangential error given by equation (4) .
With the equivalent errors in hand, a control law is designed to obtain the objective of contouring controller. The system dynamic in equation (6) 
Àðq; _ q; tÞ ¼ rpðqÞ
To design the contouring controller, let us consider v ¼ À À1 ðÀ þ uÞ (15) where v is considered to linearize the system with u, in which u is the control input to be designed. There are many control techniques for designing. Let, for example, a conventional PD controller PD be taken as
where k 1 and k 2 are the positive gains. In general, it should be realized that robot manipulators might operate the task under various conditions that make an uncertainty. For this case, the dynamic of errors after feedback linearization can yield an uncertain model as _
represents the uncertainty. Hence, that PID may result in poor performance. Moreover, PID will be more effective when designing u relies on the accurate mathematical model of system. To overcome this drawbacks, for example, the previous works 13, 15 have proposed sliding mode controller (SMC) and integral SMC (ISMC) to control for multiaxis motion systems as follows where
dt defines the integral sliding manifold, and b 1 ; b 2 ; ; and are the positive control gains.
As in equations (16) and (17), they are indicated that prior information regarding the parameters of system/ plant À; must be available so as to design the appropriate gains of controller. As a result, any changes in the dynamics have to be accommodated by adjusting the gains of controller in order to guarantee stability. Moreover, another point, it should be noted that ISMC, as in equation (17), will only ensure the zero steady-state error at low frequencies due to the integrating action. Hence, if higher frequencies are present, steady-state error may exist. To overcome these limitations, this motivates the use of an adaptive robust controller.
Adaptive and robust controller design

Concept of fuzzy PID controller
Let us consider the general form of PID control algorithm, given as
where uðtÞ is the control signal, K p is the proportional gain, K i is the integral gain, K d is the derivative gain of the PID control law, which are the difference value between desired and actual, and t is the time. Actually, due to the reasons in various operations or unknown environment, the control law is required to be more adaptive and robust than conventional PID as well as ISMC, as described in the previous section. To find the effective solution, thus, fuzzy control is used to perform automatically for tuning the parameters (gains) of PID in control law through fuzzy knowledge of plant.
In this study, PID parameters K p , K i , and K d in equation (18) are considered to automatically tune. Through fuzzy logic knowledge, the PID parameters can be tuned by the fuzzy PID tuners, which is established by
where U a is the control parameter in the domain of interest obtained by fuzzy tuning; a is p, i, or d;K a ¼ K a À K a0 is the allowable deviation of K a ; and K a0 and K a1 are the minimum and maximum values of K a , respectively. Let error eðtÞ and derivative in error _ eðtÞ be the inputs of the fuzzy controller, which is ranged from 0 to 1. Suppose their MFs are triangle shape, expressed as
where x is the input and a ji , b À ji , and b þ ji are the center of triangle, width of triangle in left, and width of triangle in right j triangle MFs of the i input, respectively.
In the proposed fuzzy controller, let U a be determined as follows
where w k is the control output weight, M is the number of fuzzy outputs, and mf ðw k Þ is the fuzzy output function, given by
where mf ij ðwÞ is the consequent fuzzy output function when the first and the second inputs are in the i and j classes, respectively, given by
where ij represents a activated factor, which is active when the input eðtÞ is in class i, and the input _ eðtÞ is in class j and ij is the height of the consequent fuzzy function obtained from the input classes i and j
As in equation (21), it is observed that the optimal value of U a depends on the shape of MFs mf ij ðwÞ, which could be obtained by various techniques. Although the rules of fuzzy could obtain from the experiences of expert, it is not a systematically designing or shaping the MFs. Moreover, it may yield the result in local optima.
Based on optimal estimation, it is better to systematically consider the error between the system output and its reference as objective function in order to determine the optimal parameters through minimum/maximum estimation. Actually, it can guarantee global optima for obtaining the parameters in MFs. Let us consider the objective or cost function E, given as
where y r is the reference input, and y is the system output.
Robust extended Kalman filter
Suppose the state of the system 22 at time t k ðk ¼ 1; 2; . . . Þ is considered as
where gðÞ is the process and hðÞ is the measurement noise functions of the states q k and v k , respectively.
Let that the state function be considered for additive Gaussian noise 23, 24 given as
with linearizing the state and measurement function
wherex À k is the prior and x k is the posterior mean estimates at t k .
Considering
are the prior density of Gaussian with mean and covariance, respectively. The posterior density function is composed
And the Kalman gain matrix is given as follows 21
where Q k and R k are the process noise covariance and the measurement noise covariance, respectively. To bound large uncertainty and process noise, extended Kalman filter (EKF) will be considered accompanying with robust estimation based on Bayesian estimation, as in the studies by Lewis 22 and Masreliez and Martin 23 for more details. So, the model in equations (28) and (29) will be considered as follows
The aforementioned posterior density function can be rewritten as
Then, replacing T k into Eðx k jy 1 Þ, we obtain Eðx k jy 1 Þ ¼x k ¼x À k þ P À k H T k T T k T k ðz k À H k x À k Þ. Actually, the transformation matrix is a normal distribution. Applying the PPE into the EKF, the posterior mean is then modified as Eðx k jy 1 Þ ¼x k ¼x À k þ P À k H T k T T k 'ðg k Þ, where 'ðg k Þ is the odd symmetric scalar influence function.
Application of the REKF to optimize the fuzzy PID controller
As motivated earlier, the parameters of MFs inputs, a ji , b À ji , and b þ ji , and the weights of the output w j will be trained by REKF. Suppose the PID parameter is state vector, given as
The characteristic of state vector in a form of MFs parameters is expressed as
where n and m are the number of first and second inputs of fuzzy sets, respectively, and v is the number of weights. Next, z in equation (33) and h in equation (34) are employed to denote the vector output of real system and the target vector output for the system, respectively. Hence, the nonlinear system model to which the REKF can be applied is described bŷ x kþ1 ¼ x k þ q k (37)
where hðx k Þ is the mapping fuzzy PID function.
To ensure global optima in stability and asymptotically convergence, the process noise is accounted in system model associated with initial estimated state,x 0 , thuŝ
Let Q k be a diagonal matrix of covariance, given as
Consequently, its characteristic is given by
As depicted in Figure 3 , REKF for tuning the fuzzy PID parameters is detailed. In this case, the measurement functions in equations (30) and (31) can be determined using partial derivatives of the system output with respect to each parameters of fuzzy PID controller: a ji , b À ji , b þ ji , and w k . Then, replace them into equations of the REKF to update the controller. For the step k of time as
First, the system output with respect to the weight of each fuzzy MFs is determined by
where @y @U PID ¼ Áy
@U PID @U a : Second, the system output with respect to the center of each input MFs is determined by 
After getting the functions of measurement in equations (30) and (31), the parameters of fuzzy PID are automatically updated by robust estimator, as shown in Figure 3 .
The simulation and experiment results in the next section will prove for this consideration.
Simulated validations and experimental results
The study establishes equivalent errors by the method of equivalent errors and employs the proposed technique for designing controller compared with conventional PD and ISMC. Let ðx; y; zÞ be the position of the end-effector of 5-DOF robot manipulators with respect to the base coordinate in Cartesian space. Therefore, its forward kinematics are given as x-direction (cm) z ¼ À0: 4 Þ, and l 0 , l 1 ; l 2 ; :; l 6 are the length on each links of robot manipulators, l 0 is half the length of base, l 1 is the length of link 1 , l 2 is the length of link 2 , l 3 is the length of link 3 , l 4 is the length of link 4 , and l 5 is the length of paw of manipulator robot arm, as shown in Figure 4 .
The goal is to make the end-effector follow a desired path, which is a curve starting from (0.049, 0.13, 0.41) to (0.09, 0.005, 0.46). It can be represented in a parametric form by non-uniform rational B-spline (NURBS) 25 As Sylvester's implicitization method (S-L Chen, 2013, personal communication), the function of the desired path is given by 
where all of the functions p mn are the polynomial functions in s of the form
With the forward kinematic in equations (52) to (54), the path function is obtained in the generalized coordinate q as follows 
To generate the command q d ðtÞ, the parameter q is proportional to times as ðtÞ ¼ ct and c is the coefficient 21 18 15 x-direction (cm) With equations (62) and (63), we can now apply the equivalent and tangential errors (5) to yield a contouring controller. Three controllers are designed with this approach; the first one is conventional PD controller given by equation (16), the second one is ISMC given by equation (17) , and the last one is the proposed controller.
The parameters of conventional PD controller are set as k 1 ¼ 12 and k 2 ¼ 22, and the control parameters of ISMC are b 1 ¼9, b 2 ¼ 18, ¼ 20; k ¼ 0:6; ¼ 1, and ¼ 0:002.
For the proposed controller, the block diagram is shown in Figure 5 . Five triangle MFs are used for the parameters of PID indicating zero (ZE), very small (VS), small (S), medium (M), and big (B). The centroid of MFs is initiated at the same intervals and the same sizes in shape, as shown in Figure 6 expert, the fuzzy rules for the fuzzy PID are described in Table 1 . For the following simulation, the setting parameters of the 5-DoF robot manipulators shown in Figure 5 are obtained from the real parameters, as listed in Table 2 . Three cases of simulation are carried out to verify the performance of three different techniques: case I-without uncertainty, case II-with uncertainty, and case III-with uncertainty at high speed. For this study, average velocity of 0.65 m/s or 0.15 of c in equation (63) for normal speed and average velocity of 1.33 m/s or 0.3 of c in equation (63) for high speed are assumed.
For the case without uncertainty at normal speed, the results of the trajectory of the end-effector are shown in Figure 7 . As seen that trajectories with the conventional PD, ISMC, and the proposed technique are perfectly match the desired path. The trajectories of the end-effector with these controllers show a little deviation from the desired path. Clearly, it is seen in Figure 8 for tracking and in Figure 9 for contour error.
However, although the conventional PD can yield good accuracy for contouring performance in the case of without uncertainty at normal speed, it may yield quite bad performance in the case of with uncertainty if a robust controller is not considered. As expected, the trajectory of the endeffector with conventional PID is quite bad to follow the desired path, but the proposed technique and ISMC still be perfect as seen in Figure 10 . This can also be seen in terms of tracking and contour errors as depicted in Figures 11 and  12 , respectively.
Next, the case of uncertainty at high speed is considered. The results are depicted in Figure 13 for the trajectories of the end-effector, in Figure 14 for the tracking error, and in Figure 15 for contour error. As described in the previous section, the adaptation law of the proposed controller is able to cope both the unknown dynamic and operation at high frequency. The trajectory of the end-effector with the proposed technique is not subject to the uncertainty and the inaccuracy due to the increased speed in contrast to what is seen in both ISMC and conventional PD. Additionally, the performance of proposed controller is also validated with different paths: straight line and circular paths.
Let the desired straight line path be given as follows
And, the desired circular path is given as follows
We can now apply the equivalent errors (5) to yield a contouring controller; for the straight line path, equivalent errors are given as follows Figure 24 . Experimental results of contour error for 5-DOF robot manipulators with uncertainty at high speed. DOF: degree of freedom.
where x; y, and z are the position in Cartesian space obtained from the forward kinematic in equations (52) to (54). As depicted in Figures 16 and 17 , the paths with the proposed controller can perfectly follow the straight line and circular paths against to the uncertainty at high speed.
As expected, no re-design for the proposed controller is considered when desired path is changed. More clearly, Figures 18 to 21 show the tracking error and contour error of both paths.
Finally, in addition to the simulation, performance of three controllers is also investigated with the experiments in real robot manipulators, as shown in Figure 4 . In this study, the straight line and circular paths are proposed to be the task of robot manipulators to follow.
For the straight line path, Figure 22 shows the trajectory of three controllers with uncertainty at high speed. As seen, the trajectory with the proposed controller can better perform than both ISMC and conventional PD controller. Actually, it is obvious that the contour error and tracking error with the proposed controller are less than the others, as depicted in Figures 23  and 24 . In addition, no re-designed controllers, the trajectory with the proposed controller can still be perfect to follow the circular path in contrast to what is seen in both ISMC and conventional PD, as depicted in Figures 25 to 27 .
Clearly, the quantitative analysis is done on the responses as summarized in Table 3 .
Conclusion
The contouring control problem-based equivalent errors have been studied in this article. The technique of equivalent errors is proposed for 5-DOF robot manipulators, which is one of the multiaxis motion systems. The equivalent errors have been employed to design the contouring controller. For this study, the desired paths are a free-form curve generated by NURBS, straight line, and circular paths. Then, the proposed technique ''fuzzy PID controller with REKF'' is presented. The better performance and higher control precision are obtained by the conventional PID control combined with fuzzy sets whose shapes of MFs are automatically adapted using REKF algorithm.
The simulation and experiment results demonstrate that the proposed controller could achieve the good robust contouring over both conventional PD controller and ISMC. In terms of accuracy, it is indicated that the accuracy in the task for contouring with the proposed controller will not be affected by the operation, which is under uncertainty and various conditions, for example, the task that requires the different speeds for the various operation in working place.
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